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We study the properties of Fermi Liquids with the micro- 
scopic constraint of a local self-energy. In this case the forward 
scattering sum-rule imposes strong limitations on the Fermi- 
Liquid parameters, which rule out any Pomeranchek instabili- 
ties. For both attractive and repulsive interactions, ferromag- 
netism and phase separation are suppressed. Superconductivity 
is possible in an s-wave channel only. We also study the ap- 
proach to the metal-insulator transition, and find a Wilson ratio 
approaching 2. This ratio and other properties of Sri_i,Laa;Ti03 
are all consistent with the local Fermi Liquid scenario. 

PACS numbers: 71.10.+X, 71.27.+a, 71.30. +h, 71.28.-fd 



For more than a decade now there has been considerable 
interest in understanding the strong electronic correlations 
in a variety of materials such as the heavy-fermion metals 
and related insulators and the perovskites such as the high- 
Tc cuprate systems. Recurrent themes in the study of these 
materials are issues such as unusual Fermi Liquid states 
characterised by large effective masses, and small Wil- 
son ratios, the proximity to metal- insulator transitions or 
instabilities towards ferromagnetism, anti-ferromagnetism 
or superconductivity. Within various frameworks, and 
to varying degrees of approximation, these systems have 
been modeled by theories of electrons with local (i.e. 
momentum-independent) self-energies. For instance, there 
is much interest in studying correlated systems such_as the 
Hubbard Model using dynamic mean-field theorieaj that 
become exact in infinite dimension, (based on describing 
electronic correlations through a local self-energy). 

With this background, we investigate the general con- 
sequences for Fermi-Liquid Theory, given the microscopic 
constraint of a local self-energy (arising from quasiparticle 
correlations alone). We shall show that our local Fermi 
Liquid (LFL) can never satisfy the Stoner criterion and is 
robust against instabilities towards ferromagnetism as well 
as phase separation. This result has strong implications for 
the use of dynamic mean-field theories to models describ- 
ing Fetini Liquids. Particularly in the context of recent 
studieso into the criteria necessary for ferromagnetism in 
metals (due to electronic interactions) as well as problems 
with phase separation in superconducting models. 

In addition, we investigate the approach to the metal- 
insulator transition (from the metalic side) for our LFL 
and find a Brinkman-Rice transition with a Wilson ra- 
tio, Rw, near 2 for a wide range of paramoters. These 
results compare very well with measurementffl of Ryj, the 
spin susceptibility Xs and the effective mass m* jm in the 
perovskite Sri_a;Laa;Ti03 which becomes insulating as the 
doping a; — > 1. Furthermore, out LFL scenario makes sev- 
eral predictions which can be measured to test the validity 
of characterising this system as a LFL. We also investi- 



gate the Ward identities and vertex corrections in our the- 
ory and contrast our self-consistent LFL with descriptions 
of Fermi Liquids based on the Gutzwiller approximation 
which includes some aspects of the local self-energy with- 
out being self-consistent. Finally we discuss the limitations 
of our theory, especially as far as anti-ferromagnetic corre- 
lations go. We also briefly outline a natural generalisation 
of our approach which allows the incorporation of anti- 
ferromagnetic fluctuations in a self-consistent way. 

Our starting point is to take as given that we have a 
single-banda Fermi Liquid with a momentum-independent 
self-energy S(w), where /mS(u;) <C w as w — s- 0. Further, 
we consider the simplest case where the interactions are 
mediated by the quasiparticles themselves. We emphasise 
that we do not make the assumption of infinite dimension, 
although a Fermi Lic^uid in infinite D would necessarily be 
a realisation of the LFL theory we present here. 

In the spirit of Landau's microscopic foundation of 
Fermi-Liquid Thecjsy we determine the structure of the 4- 
point vertex, givenH by 

rp,p'(9)=ri^,(g)-z/' Yf^M)G{v"+<l)G{jl')^^.>M (1) 

where F^^ is the irreducible particle-hole vertex, G is the 
exact Green's function and we have dropped the spin in- 
dices. Here we introduce the notation p = (p,a;), while 
q = (q, i7) denotes the momentum/energy transfer and J^,, 
represents the (D+l)-dimensional integral with appropri- 
ate measure. „ 
Using the standard analysis, F can then be identifiecB 
with the quasiparticle interaction in the appropriate small 
momentum transfer limit, with for p and p' on the Fermi 



surface and quasiparticle energies w. 



= 0, 



lim rp^p/(q). 
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Introducing the Fermi-Liquid parameters and the scatter- 
ing amplitudes in the standard way, (^ then leads to the 
usual relation 



(3) 



where iV(0) (p, p') = + ^ ' ^'Ft)Pe(p ■ p') and 

A^(0) is the density of states. 

Consider the general case of a conserving, <I>-derivable 
theory where the relations between F^^, G and the self- 
energy S are given by S(p) — S^/5G{p) and Fp^, = 
{i/2)6'^^ /SG{p')6G{p). Integrating the second-order func- 
tional derivative then yields 



(4) 



5E(p) = -(z/2) / rl^^,{0) 5G{p') 
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In order to understand the constraints imposed by a lo- 
cal self-energy we simply take S in this equation to-ibe 
momentum- independent. Together with the symmetryO of 
piR ^Q(;[gi- p^p'^ |;}jjg immediately implies that the irre- 
ducible vertex is also local, i.e., r^^p,(0) -> rjf^,(0) = 

JE(u;)/5Gioc(^') with Gioc(^) = Ep GiP, 

The local irreducible vertex is analytic in q for small q 
and hence T^^^i (q) is also local which in turn implies a local 
full vertex, Ti^^i^i{q). It then follows from (H) that /(p, p') is 
independent of the angles between the momenta, and con- 
sequently only s-wave Fermi-Liquid parameters and scat- 
tering amplitudes can be non-zero. Moreover, the forward- 
scattering sum-rule J2e i^e + Af ) = now simphfies to 

AS ^ -Ag (5) 

with l^o'^l < 1 and (^) then implies 

FS - -Fo7(l + 2F^) (6) 

with — i < Fg'', Fq'' < oo. This relation is plotted in Fig 1 
for the repulsive case (Fq > 0). For the relatively large 
Fq expected for a strongly correlated local Fermi Liquid, 
Fq very rapidly saturates to — ^. For comparison we also 
show the results of Miiller-Hartmann's second-order per- 
turbative calculation!] of the Fermi-Liquid parameters of 
the Hubbard model in infinite D. 

An additional simplification for the local Fermi Liquid 
is that since 9S/9p ~ 0, the quasiparticle residue and the 
effective mass are rather trivially related: 

z^^ = m* /m. (7) 

The microscopic constraint of a local self-energy, is 
clearly non-trivial. Whereas Fermi-Liquid Theory is char- 
acterised in general by an infinite number of Fermi-Liquid 
parameters, the local Fermi Liquid is quite generally de- 
scribed by only two independent parameters, for instance, 
m* and Fq. The resulting two-parameter phenomenology 
then implies strong relations between various experimen- 
tal measurements which can be easily tested to verify the 
applicability of the LFL scenario. These results are for 
the case of quasiparticle mediated interactions which lead 
to (|^). In tlie_case of electron-phononQa and single im- 
purity Kondc£3 Local Fermi Liquids the interactions are 
mediated through exchange of phonons or excitations of 
the impurity-electron singlet which would modify the form 
of (|l|) and hence the relations between the parameters. Fi- 
nally, we note that the momentum independence of S, also 
trivially implies that not only the size but also the shape 
of the Fermi surface are not changed by interactions. 

Since we start off with a ^-derivable theory, our de- 
scription is conserving by construction and satisfies the 
Ward identities. The analysis of the 3-point vertices for 
the charge and spin densities again starts from and 
yields that these vertices are also local, for small en- 
ergy/momentum transfers, i.e., A^'^\p) — > A^'^^Lu). Setting 
w = 0, we consider the |q|, 17 — > limit: A*" with r ~ \q\/^. 
Using the Ward identities one then getsB, 

zA° = 1 (8) 

and 



zA°° = l/(l + Fo^") (9) 

where Fq (Fq) applies for the charge (spin) density. 

The 3-point vertices for the charge and spin currents do 
retain a trivial momentum dependence, but are otherwise 
completely unrenormalised (in the interesting two limitstll) . 
For both spin and charge, in the direction Cq, we get 

zAl = p„/m* (10) 

and 

zA^=p„/m*. (11) 

From these relations it can be shown that there are no 
vertex corrections to the optical conductivity. WithoTiUthe 
local assumption, these relations normally do dependt2l on 
Fermi-Liquid parameters. 

We emphasise that all our results hold for arbitrary di- 
mension — provided one has a single-bando Fermi Liquid, 
all that was required was a local self-energy. The dynamical 
mean-field theories which become exact in infinite dimen- 
sions, also have local vertex corrections and unrenormalised 
current vertices, but our results indicate that (at least in 
the small q limit) this is a consequence of the local self- 
energy, rather than infinite D, per se. 

Now we are in a position to analyse the possible insta- 
bilities of our local Fermi Liquid. From (||) the spin sus- 
ceptibility Xs — -^(0)/(l + F^) while the compressibility 
K = n^ N{0)/{1 + F^). 

Consider an interaction which is repulsive in the singlet 
channel, in which case Fq > and — | < Fq < 0. The 
Stoner criterion, 1 -I- Fq — 0, can then never be met and 
hence the LFL is stable against a ferromagnetic instabil- 
ity. Further, since eqn. (^ cannot generate interactions in 
higher angular- momentum channels, the LFL is also robust 
against the Kohn-Luttinger type superconductivity. (Also, 
phase separation is ruled out since Fq > 0.) The only po- 
tential instability is towards anti-ferromagnetism and/or a 
metal-insulator transition (see below). 

For an attractive interaction, one has — ^ < Fq < and 
Fq > and there can then be no phase separation since the 
Pomeranchek instability signaled by the condition 1 + Fq = 
can also never be satisfied. (Additionally, ferromagnetism 
is ruled out since Fq > 0.) The only possible instability 
would be towards the BCS state. 

The approach to the metal-insulator transition (from the 
metalic side) is signaled by a vanishing charge Drude weight 
D = ne^ /m* . Recall that the Fermi surface volume is un- 
renormalised by correlations, so the only possible way D 
can vanish in our framework, is for the effective mass to 
diverge. The metal-insulator transition is then Brinkman- 
Rice like. A diverging m* would imply a diverging den- 
sity of states, and (although Fq is an independent param- 
eter) it is quite natural to expect Fq ~ Al{Q) to become 
quite large in this limit. It then follows from (ph that 
Fq would rapidly approach its limiting value of This 
corresponds to the unitarity limit with the scattering am- 
plitude Aq ^ 1. Within this scenario, the Wilson ratio 
Rw — Xs/N{0) — 1/(1 + Fq) should rapidly saturate at 
2. For a strongly correlated system one expects FJ > 1 in 
which case would also be close to 2. In the case of an 
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attractive intepiction, Fq is necessarily positive and then 
one would findEj < I. 

The LFL theory, developed above, seems to apply partic- 
ularly well to the perovskite system Sri-ajLa^jTiOs, which 
exhibits a metal-insulator transition upon doping. In the 
a; = limityiSrTiOa is a band insulator for which band 
calculationalJ predicts a band mass m?, ~ 2me. On 
the other hand for x = 1 (corresponding to the ^-filled 
case) LaTiCU-is an insulating anti-ferromagnet. Recent 
experimenta3'E3 have carefully elucidated the doping de- 
pendence in the intermediate metalic regime 0.3 < a; < 
0.95, and have shown that this material is very well de- 
scribed by a Fermi Liquid state with a Brinkman-Rice 
transition as a; — *■ 1. Specifically, this is borne out by 
measurements on the resistivity: p(T) Po ^ AT''^ and 
the specific heat: Cv ~ "fT which show typical Fermi Liq- 
uid behaviour for 0.3 < a; < 0.95. Also, the Hall coeffi- 
cient: 1/Rh ~ X, is electron-like and temperature inde- 
pendent. Upon increasing x, the effective mass diverges 
and 7, Xs, the inverse Drude weight and the inverse of 
the square of the plasma frequency, which are all propor- 
tional to m*, increase rapidly. However, even though both 
7 and Xs have a strong doping-dependence, the Wilson ra- 
tio i?„ cx Xs/l is essentially doping-independent and satu- 
rates at a value of 2. Fmrn the low- frequency optical con- 
ductivity measurementstJ, the effective mass at a; = 0.5 is 
about m* w 5me and increases rapidly with increasing x. 

The resulting picture of Sri-ajLa^^TiOa is that the elec- 
tronic response is that of a simple, yet strongly-correlated, 
single-component Fermi Liquid. This state is strongly cor- 
related in the sense that m* and hence Fq are large and 
that the system exhibits a metal-insulator transition. Yet 
the Fermi Liquid state is very simple, in that for all doping, 
it seems to be well described in terms of a single parame- 
ter namely, m*{x), with the only relevant scale being the 



Fermi energy ep 



kl/2m*{x). 



(Also, Fq seems to be 



pinned at — ^0 This is reminiscent of the single impurity 
Kondo problem where strong interaction effects lead to a 
rather simple low-energy Fermi Liquid state. 

All the properties of this material corresponds remark- 
ably well with our local Fermi-Liquid Theory described 
above. Indeed, if we take a simple parabolic band with 
Fq — cim*{x)^/x, using the experimental value of 7 to 
scale the mass in this formula, the resulting theoretical es- 
timation of i?^ agrees quite well with experiment. In Fig. 3 
we plot the doping dependence of the Wilson ratio for two 
plausible choices of ci , with the actual experimental results 
plotted as the triangles. In principle, allowing the coeffi- 
cient ci to depend on a;, would do better, but the main 
point is that this simple picture captures the essence of 
the behaviour of Rw With Rw close to 2 it is not sur- 
prising that superconductivity has not been observed in 
Sri_3;La2:Ti03. If it were found to be superconducting at 
very low temperature that would require some small de- 
parture from LFL behaviour. 

One of the quantities we can estimate is the coefficient 
of the term in the resistivity. The general form for this 
term has been evaluatecll3 to be 



PiT) =Po + 



\ 16 ppCLBn^ 



where the coefficient in parentheses is denoted by A. For 
the local Fermi Liquid the scattering amplitude simplifies 
to = 8(Aq)^ where we have replaced the transport 

lifetime by the quasiparticle lifetime. This will usually 
give an order of magnitude estimate for A and at times 
it works even bettertSliZl. In general, A is not strictly pro- 
portional to 7^, however, near the metal- insulator transi- 
tion our model predicts that (|W^P) saturates at a value 
of 8 and, apart from the small change in n, the dominant 
change is through 7^. This is clearly observed in the data 
for Sri„a;LaxTi03 with x close to one. In fact, the sim- 
ple parabolic band picture gives an estimation of A which 
agrees with the experiments up to a factor of two. It should 
be emphasised that, in principle, A could be completely 
dominated by the scattering amplitude — particularly close 
to an instability. The fact that it is not is a non-trivial vin- 
dication of our claim that Sri-ajLa^jTiOs is a local Fermi 
Liquid. 

Another prediction to follow from this theory is the co- 
efficient xif the T^lnT term in the specific heat. This is 
given byEa, 



Cv^lT 



5e| 
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r3ln(T/e,) (13) 



where we have employed the simplifications for a LFL. Near 
the metal-insulator transition the coefficient in parentheses 
should saturate to about 8.47/e|, near the metal- insulator 
transition. This prediction could be tested by plotting 
{Cv /T — 7)/T^ vs. InT and determining the slope. 

A quantity related to the specific heat is the ther- 
mopower Q — ^T/ine. Since the carriers are electron- 
like (e < 0), Q should be negative. With ks/'i.e ~ 
-A?,py/K and ^ 4 x 10^ K {x ^ 0.6) this gives 
Q ^ ~QM{py/K'^)T. While getting the numbers right 
on the thermopower depends on many factors, the trends 
should be right from our picture. Thus, Q/T will grow as 
7/n as X ^ 1. 

In this model we have shown that F^'"" —Qiorl>l. While 
a direct measurement of F^ is not possible, a conduction- 
electron spin-resonance (CESR) experiment could deter- 
mine the value of F^ . -Jn such an experiment the spin 
waves have a dispersionE£l, 



FS 



2 ? 



(14) 



(12) 



with lol the Larmor frequency. In a LFL, the coefficient 
in parenthesis should reduce to —Fq/3. Finding such a 
correspondence between ujg and Fq as determined from R^ 
would clearly be the most direct evidence for a LFL. 

As m* increases close to the metal-insulator transition, 
the only energy scale in the LFL namely, ep reduces 
accordingly. This effect, as well as the building anti- 
ferromagnetic correlations, should lead to the breakdown of 
the LFL framework sufficiently close to the transition. For 
Sri_a;Laa;Ti03 the Fermi Liquid state is surprisingly ro- 
bust and anti-ferromagnetic order sets in only at a; ~ 0.99. 
What happens beyond x = 0.99? Fermi-Liquid Theory, 
per se, focuses on small momentum-transfer processes and 
thus does not address the physics of anti-ferromagnetism. 
In general, keeping track of (7r,7r, . . .)-scattering processes 
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associated with anti-ferromagnetism is a rather formidable 
task. However, a generaUsation of our approach which al- 
fows the incorporation of anti-ferromagnetic fluctuations 
is to introduce two (bi-partite) sublattices and allow dif- 
ferent self-energies on each sublattice while enforcing the 
constraint of a local self-energy on each sublattice. 

It is insightful to compare our results for the LFL with 
those obtained using the Gutzwiller approximation. This 
approximation, as used by Bdakman and Ricccil and dis- 
cussed in detail by VoUhardtEHl, sets m* /m = . The 
quasiparticle residue z is determined from the theory and 
the assumption is made that the self-energy is locaL i.e., 
(5I]/(5p = in order to determine m*. It was shownE^I that 
the Wilson ratio saturates at 4 when this method is applied 
to a Galilean invariant system such as liquid ■'He where 
Fl 7^ 0. This is clearly in contradiction with the LFL no- 
tions we have presented here. The reason is that, with the 
exception of 13 — oo, the Gutzwiller approximation is not 
local as it is assumed to be. Whereas the Gutzwiller ap- 
proximation is close in spirit to the LFL ideas (i?^) does sat- 
urate at high pressure and ferromagnetism is suppressed), 
it is not a proper local Fermi Liquid. In fact, as we have 
shown, the consequence of a local self-energy for a Galilean 
invariant system is that m* /m = z^^ = /3 = 1 which 

is clearly not the case in ''He. The Gutzwiller approxima- 
tion scheme has been recently appliedEiJ to Sri_j;Laa;Ti03 
but that calculation again suffers from these subtle incon- 
sistencies regarding locality and would fail to explain the 
Wilson ratio. A local Fermi Liquid scenario based on the 
Nozieres' single impurity Kondo Fermi LiquidtJ was in- 
troduced by Varma et. alE3 for the heavy-fermion com- 
pounds. This is a special case of our LFL theory with 
m* /m = 1 -|- i<"Q . This relationship for m* does not hold in 
general, but follows from an additional assumption of an 
unrenormalised compressibility. 

In conclusion, we have developed the self-consistent the- 
ory of a Fermi Liquid with the microscopic constraint of 
a local self-energy. We have shown that the local Fermi 
Liquid is robust against instabilities towards ferromag- 
netism, phase separation and Kohn-Luttinger supercon- 
ductivity. The metal-insulator transition in the LFL is 
Brinkman-Rice-like, and is associated with a Wilson ra- 
tio of 2. The properties of our LFL seems to describe the 
material Sri_j;La2;Ti03 quite well, and we have made sev- 
eral predictions for this material. Our results also have 
important consequences for dynamic mean-field theories 
used in infinite D especially when considering states in 
which all quasiparticles are equivalent - in contrast to anti- 
ferromagnetic states. 
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